ABSTRACT. Let M be a rr-finite, finite von Neumann algebra with a faithful, normalized normal trace Tr on M. Let p be a positive linear map of M into itself such that p(l) is not necessarily a projection. If p is approximately inner with respect to the norm || ■ ||g induced by Tr, then p has a close connection to "-homomorphisms.
Introduction.
We showed the following theorem in our former paper [5] . Let M be a <7-finite, finite von Neumann algebra with a faithful, normalized normal trace Tr. Let p be a positive linear map of M into itself and approximately inner with respect to a net {a\} such that ||a^a,\ -/||2 -► 0 and \\a\a*x -e||2 -► 0 for two projections e and / in M where ||x||2 = Trtx'x)1/2 for every x G M. Then p is a "-homomorphism of the von Neumann algebra eMe to the von Neumann algebra fMf.
The above-mentioned result was shown in the case of the unital positive linear maps in the sense that p(l) is a projection. Thus, we shall examine a similar result in the case that a positive linear map p is not necessarily unital, that is, p(l) is not necessarily a projection. Before we start the arguments, we set down some known results and some notation used in this paper.
Throughout this paper, we shall use the following notation: Let M be a cr-finite, finite von Neumann algebra and Tr a (fixed) faithful, normalized normal trace on M. Let || • || 2 be the norm on M defined by ||x||2 = Tr(x*x)1/2 for every ieM.
Many authors (for example [1, 4, 6, 7] ) studied the completely positive maps of C*-algebras and their results shall give useful roles for our paper. Thus, we recall the definition of the completely positive maps of C*-algebras. Let A and B be C*-algebras and n a natural number. A linear map p of A to B is said to be n-positive if the multiplicity map pn from the matrix C*-algebra Mn(A) over A to the C*-algebra Mn(B) over B defined by pn([oij]) = [p(alj)[ is a positive map. If p is n-positive for every n, we call p completely positive.
In this paper we shall examine when a positive linear map of a von Neumann algebra M into itself is close to a "-homomorphism.
Then such a positive linear map is a completely positive linear map. Thus, we recall the definition of positive linear maps which was introduced in [5] . Under the above definition, if p is a positive linear map and approximately inner, then p is a completely positive map of M to M. This was shown in the remark after Definition 2 in [5] by using [6, Chapter IV, Corollary 3.4]. We assumed in [5] that the net {aA} is not necessarily bounded, but we shall assume throughout this paper that every net satisfying the conditions in the above definition is bounded.
We shall use two books [4 and 6] for the fundamental properties in the theory of von Neumann algebras and C*-algebras.
Results.
We shall give a generalization of Theorem 3 in [5] . Before we show the main theorem, we give some considerations. We deal with nonunital completely positive maps in this paper and so we use the following property which appears in [7] . The reference [7] was written in Japanese and so we give the proof here. LEMMA 2. Let A be a unital C*-algebra and N a von Neumann algebra acting on a Hubert space H. Let p be a completely positive linear map of A to N such that p(l) = c and the support projection of c is f (= supp(c)).
Then there exists a completely positive linear map n of A to N such that n(l) = f and p(x) -c1/27r(x)c1/2 for every x G A.
PROOF. For each natural number n, put
for every x € A. Then 7r" are completely positive maps of A to N. We shall show that, for every x € A, the sequence {7r"(x)} converges in the strong topology.
Since the sequence {c(c + 1/n)-1} converges to / in the strong topology and bn = f -c(c + 1/n)-1 are positive elements, the sequence {bn } converges to 0 in the strong topology. Furthermore, the inequality
induces the relation; the strong-limit of {c1//2(c+l/n)-1/2} = /. Given an arbitrary element a of A with 0 < a < 1, then 0 < p(a) < c and so p(a)1/2 < c1/2. Thus, there exists an element y in B(H) such that p(a)1/2 -ycx¡2 -cxl2y* where B(H) is the von Neumann algebra of all bounded operators on H. Hence, the sequences {p(a)1^2(c+l/n)~1/2} and {(c+l/n)~1/2 p(a)1/2} are bounded and strongly convergent sequences. The above properties imply that the sequence {7rn(a)} is strongly convergent. Therefore, for every x € A, {7r"(x)} is strongly convergent and if we put 7r(x) = the strong-limit of {7rn(x)}, the map 7r is the desired completely positive map. Q.E.D.
Let a be an element of M and a = v\a[ the polar decomposition of a. Since M is a finite von Neumann algebra, there exists a unitary element u in M satisfying a = u|o|. Thus, we can show that the net {aA} appearing in Definition 1 can be replaced by another net of the following form. Proof. Put
for every x G M. Then, by Lemma 2, the sequence {7Tn(x)} converges in the strong topology for every x G M. Thus, we define a positive linear map 7r by 7r(x) = the strong-limit of 7r"(x).
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Then 7r is a completely positive map, 7r(l) = / and p(x) = c1^2ir(x)c1'2 for every x G M. Hence, we shall show that tt is a "-homomorphism of eMe into fMf. For showing it, we have the following estimates: Since the sequence {c1/2(c-|-l/n)"1'2} is bounded and converges to / in the strong topology, lim ||c1//2(c+l/n)-1//2 -/||2 = 0. Thus, for an arbitrary positive number e, there exists a natural number N' such that ||c1/,2(c-|-l/n)-1/2 -/||2 < e/6 for every n > N'. By using the above inequality, we have the following relation for every y G S where S is the unit ball of M; for every n> N',
From the above inequality, if we take an arbitrary element x G S and n> N', then we have the inequality
for every A. Furthermore, since the sequence {7r"(x)} is bounded and converges to 7r(x) in the strong topology, lim"_00 ||7r"(x) -7r(x)||2 = 0. Thus, there exists a natural number N" such that, for every n > N",
Let N = max{N',N"}. Now, we choose a fixed natural number n with n > N. Then, since
there exists an index An for the net {oA} such that, for every A > An,
Considering relations (*), (**) and (***), we then have the relation REMARK 6. We obtained Theorem 3 in [5] without the assumption of the boundedness for the net {ax}, but we assumed the boundedness in this paper. Can this restriction be removed? ADDED IN PROOF (SEPTEMBER 21, 1986 ). We asked the question in Remark 6 whether the restriction of the boundedness for the net {aA} can be removed. After we submitted this paper to this proceedings, the second author (H. Takemoto) showed that this restriction can be removed. Thus we can show Theorem 4 in our paper without the assumption of the boundedness for {aA}.
We must mention our thanks to the referee for his comment on improvement in style of our paper.
